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Abstract
W. D. Munn, (1966) has shown that if E is a semilattice, then the Munn
semigroup Te of E is an inverse semigroup whose semilattice of idempotents
is isomorphic to E. If E is a uniform semillatice, then Tg is a bisimple inverse
semigroup. J. M. Howie, (1976) proved that up to isomorphism, the only
fundamental bisimple semigroup S, having

E=Cw={e€ne€1,€,ccccccevevve....pWith ep>e1> 6,

Is the Bisyclic semigroup. In this paper is highlighted the structure of the
Bicyclic semigroup and prove that every simple semigroup which has
idempotent, none of which is primitive, must necessarily be a web of bicyclic
semigroups.
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Preliminaries
Construction
Let X be a 2- element set, i.e. X = { p,q}. We construct a semigroup B, from X by
letting all elements in B, be of the form g™ p", m and n are nonnegative integers. We also let
pq = p° = q° = 1. Then each element " p™ e B is unique. It is trivial to show that B is indeed

a semigroup under the composition, multiplication.
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Definitions
Leta, b €S, where S is a semigroup. Then a and b are (generalized) inverse of each other
if aba = a and bab = b. S is called an inverse semigroup if every element of S has a
unique inverse in S.
A semigroup S, is simple if S has no proper ideals
For every element a, b is a semi group S,

a&blaRb]=auSs, =buS, [avaS=DhbS]

Also,a b=alLo%Rb=aRolLb

atb—a L bandb Ra,,ieH=LNnR
A semigroup S, is bisimple (i.e. D — simple) if S consist of a simple D-class.

A completely simple semigroup is a semigroup which contains a primitive idempotent.

Propositions
The semigroup B, constructed in section 1.1 above is the Bicyclic Semigroup. It is an
inverse semigroup which is bisimple (hence simple), with an identity element. The
idempotent of B are of the form.
e,=q"p"eB(mn=0123..) which satisfy;1=e, > ¢ >e,>e,.e >¢€, +1.
And so B has no primitive idempotent i.e B is not completely simple (Prop. 1)
Every simple semigroup which has idempotents, none of which is primitive, must contain

B. Such a seigroup has not be a “web of B” s” (Prop. 2)

Proof of Propositions
Proof of Prop 1
B is an inverse Semigroup
e, =q"p" eB(mn=0123..)
B=q"p" € B,so thataba=q"p"(p"q™)q"p"
ieaba=(q"p"g"p")q"p") =q"p"q"p"
=q"p"(Sincel= p"g" =1eB
=aeB
also, bab=q"p"(q"p")q"p" =q"p" =beB

Hence B is an inverse semigroup.
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2. B isaBisimle Semigroup
Leta =q™p" eBandb=q'p® € B(m,n,r,s=012,3,..
We now show thata®R b [aL b]
I.e.aB =bB =B [Ba=Bb =B]
Since q°p°=1.1=1=pgq=1€B

aB={q"p"g*:m,n, 1,k =0,1,2,3,....) ={q"" "k;if1> n}={q""* *k;ifl> n}
(sincepg=1€B)

Similarly,

bB ={q'g°q'p*;r,s,I,k =01,2,3,....)
{q"*°p¥;if 1>s}
{qp**hif 1>1}

We cannot compare aB and bB under these conditions. So we let q™p" =[m,n] and let
min [m,n] = (m,n) and define
q"p"q'p* =[m,n][r,s]=m+r-(n,r);n+s (n,n)]
Then let a =[m,n]and fix b =[m,s] which is possible

since b=qgrpseB:s,r=012,...n...
So,

[m,n][m,s]=[m+n-(n,m),n+s-(n,m)]=[m,s] e aB
Similarly,

[m,s] € bB. hence,aB =bB

i,e.aRb

Conversely; suppose that [m,n] R [r,s], then there exist

[x;, y.],[X,,Y,] € Bsuch that:

[m,n]=[r,s][X;, yi]=[r + %, - (5,X), s+ Y, (S,%)]

and

[r.s]=[m.nl[X,. V,1=[M+X,, - (N.X,), N+, (0,X,)]
hence,m=r+x, (s,X,)

r=m+x, (n,Xx,)
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If m=r, then we must have x, < sand x, <n
Suppose that m = r, then x; >sand X, >n
So, m=r+x,-siem>r
r=m+x,-nier>m
hence, m = r
Thus, [m,n] Rafrs] &m=r
Sothe R-classesofa € B = q"p" = {q"p*,x=0123,.............}
Similarly, we can construct the argument to whos that in B, Ba = Bb i.e.
aL b, forevery [mn] L [r,9]
i.ethe L classesofaq™p" = {g'p",y=0123,.............}
Thus, for every[m,n],[r,s] € B;[m,n]R [m,s]
and [m,s] L[r,s]. Hence B is Bisimple.

Existence and Nature of ldempotents in B
Let (@"p")* = q"p" €B,q"p"q"p" =q"p"
Then, [m,n][m,n] = [m+m-(n,m),n+n (n,m)] = [m,n]
eem=m+m- (nm ==m Q)
n=n+n-(nm) = =n (i)
from (i) and (i) = m=n=(n,m)

Thus the idempotents of B are of the forme, =q"p" (1 =0,1,2,3,.......... )
Nowe, >e , foreveryne N

proof :

€,€,., = anpn(qn +1pn +1) = gn(pngn)glpn +1=qn +1
=en+1thusee, =€, e, #¢€,

e, =1>e >€,>€;> ... >€ €

Thus B has no primitive idempotent
= B is a Bisimple semigroup = B is a simple semigroup

= B is not completely simple.
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The H — classes of B and the Left [Right] ideals of B
Fora=gmpn € B, the L - Classes of a,
La= {q’p";y=0,1,2,3,....}and the R - classes of a
Ra= {q"p*;x=0,1,2,3,....}also, Bis D - simple
now aHb=[r,s] [m,n]L[r,s]adn[r,s]R[m,n]
=s=nandr=m,
=a=b

Hence the H-class of B are the singletons [m,n],m,n e {N U{0}}

Left Ideals: Let L be a left ideal of B. ThenL=uUB b, b uelL

Letb=[r,s]eL,thena=[m,n]e Bb< a=a=[k,I][r,s]
Forsomek,li.ea=k-+r-(1(l,r)]isl>r,
Then[m,n]=[k,1 +s-r]=>m=k,n=s+1-r,i.e.n>S

x=0,1,2,3,...

So{[x, Y],{

y=s,5,+1,5+2,....

If 1< r,then,[m,n]=k+r-1slie.n=s

.x=0,1,2,3,,....
1y=5,5+1,5+2,....

Hence, [m,n] <[x,y]
Similarly,
forb=[r,s] € B,B[r,s] =[x,y S5 7e0s..

Hence,if t>s;BisL=uUB]r,s]

Now, leta leftideal o fBis L=uUB[r,s],[r,s]e L
i.e.L.=B[r,s,Jwheres, =min{r,s}

I.e the leftideals are :

B[0,0],B[1,1],B[2,2].......

And BJj, j] < BJi,i]for j>i

Similarly, the right ideals are [0,0], B[1,1], B[2,2],......
where B[k,k] <B[j, jlfork > j

Proof of Prop. 2

Theorem 1

Let e be a non — primitive idempotent of a simple semigroup S, which is not

completely simple. Then S contains a bicyclic subsemigroup which has e as their identity

element.
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Lemma 1
Lete, Ia, Ib, be elements of a semigroup S, such that; ea = ae = a; eb =be = b, ab =e
But ba = e. Then every element of the subsemigroup generated by a and b is uniquely
expressible as b™a" where m,n are nonnegative integers.
And a° = b® = €°. Hence the subsemigroup of S generated by a and b is isomorphic to the

bicyclic semigroup B

Proof of Lemma |
S is infinite: We prove that a" = a" for 1 <r<n
For all nonnegative integer n.
Nowa’=a=a2b=b=a(ab) =>ae=a=e

(which is a contradiction). So, a® = a.

Suppose that a, is such the a” # a¥, for 1 <k < n.

Letrbesuchthatl1<r<n+1landan =4

Then a"(ab) = a"'(ab) > a"e =ae = an=ar-1,butl1<r<nl=1<r-1<n,
hence ™ #a" for 1 <r<n+1.

We conclude that {a"; n =0, 1,2,3,........... } is infinite.

So, S is infinite.

Also, a"b™=a™a" = a™m = a™" = e = a° by the above reasoning. i.e. m + n = 0. But
both m and n are nonnegative integer so we must have m =n = 0.

Thus a" = b™ unless m=n=0.

Now, suppose that; b"a™ = b'a’, we may assume that n < r, without loss of generality.
Thus we have;

a"=b"Ma*=a"*=h""

som-s=r—-n=0=m=s,r=n.

Hence the expression b"a™ is unique.

Therefore the subsemigroup generated by {a,b} is isomorphic to the bicyclic

semigroup B.
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Proof of Theorem |
Let e € S be a non—primitive idempotent. Then there exits an idempotent e; € S, say,
such that
e,=ee, =eebute e
Since Sissimple, there exist X,y e Sadn e = x e,y (because for everya €S, SaS=S)
Takea,beSsuch that;a=exeb=e,ye
then a,beS suchthat;a=exe, =a
ae=(exe)e=exe =exe =a
leea=ae=a
Similarly,eb =be=b
aslo, ab = (exe,)(e,ye) =ex(e,e;)ye =e(xey)eee =e
Now,ifba = e, then(e,ye)(e xe,) =e = e ,yexe, =e = (e,yexe,)e, =ee, =e
= e = e; (which is a contradiction!!) since e = e.
So ba # e. Hence the conditions in Lemma | are satisfied. So the bisyclic
subsemigroup generated by {a,b} is a subsemigroup of S containing e as an identity

element.

Conclusion

From theorem | and the structure of the bicyclic semigroup B, thus discussed, it is

evident that any semigroup S, which is simple, and which contains a non-primitive

idempotent which acts as an identity element, must comprise a “web of B’s.”
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