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Abstract 

W. D. Munn, (1966) has shown that if E is a semilattice, then the Munn 

semigroup TE of E is an inverse semigroup whose semilattice of idempotents 

is isomorphic to E. If E is a uniform semillatice, then TE is a bisimple inverse 

semigroup. J. M. Howie, (1976) proved that up to isomorphism, the only 

fundamental bisimple semigroup S, having  

E = CW = { e0, e1, e2,………………} with  e0> e1> e2

Is the Bisyclic semigroup.  In this paper is highlighted the structure of the 

Bicyclic semigroup and prove that every simple semigroup which has 

idempotent, none of which is primitive, must necessarily be a web of bicyclic 

semigroups. 
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  Preliminaries 

  Construction 

Let  X be a 2- element set, i.e. X = { p,q}.  We construct a semigroup B, from  X by 

letting all elements in B, be of the form qm pn, m and n are nonnegative integers. We also let 

pq = p0 = q0 = 1. Then each element qm pm ∈  B is unique. It is trivial to show that B is indeed 

a semigroup under the composition, multiplication. 
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Definitions 

1 Let a, b ∈ S, where S is a semigroup. Then a and b are (generalized) inverse of each other 

if aba = a and bab = b. S is called an inverse semigroup if every element of S has a 

unique inverse in S. 

2 A semigroup S, is simple if S has no proper ideals 

3 For every element a, b is a semi group S, 

ℜ∩=ℜ⇒
ℜ⇒ℜ⇒

=∪∪=∪⇒ℜ

 LH i.e , ,a   b and  b  L  aba
oLbab o L a b   a ,Also

]bSaSa[SbSa]b [a b & a ba

h

 

4 A semigroup S, is bisimple (i.e. D – simple) if S consist of a simple D-class. 

5 A completely simple semigroup is a semigroup which contains a primitive idempotent. 

 

Propositions 

1. The semigroup B, constructed in section 1.1 above is the Bicyclic Semigroup. It is an 

inverse semigroup which is bisimple (hence simple), with an identity element. The 

idempotent of B are of the form. 

...1...,e  1 ;satisfy      which ....)3,2,1,0,( 321o +>>>>==∈= nn
nm

n eeeeenmBpqe  

 And so B has no primitive idempotent i.e B is not completely simple (Prop. 1) 

2. Every simple semigroup which has idempotents, none of which is primitive, must contain 

B. Such a seigroup has not be a “web of B’ s”     (Prop. 2) 

 

Proof of Propositions 

Proof of Prop 1 

1. B is an inverse Semigroup 

Bbpqpq)pq(pqbab  ,also
Ba

B1qp   1 Since(pq
pqpq)pq)pqpq(aba e.i

pq)qp(pqaba that  so,BpqB
....)3,2,1,0n,m(Bpqe

mnmnnmmn

mmnm

nmmmnmmnnm

nmmnnmnm

nm
n

∈===

∈=
∈===

==

=∈=

=∈=

 

 Hence B is an inverse semigroup. 
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2. B is a Bisimle Semigroup 

 Let a  ,...)3,2,1,0s,r,n,m(Bpqb and Bpq Srnm =∈=∈=

 We now show that a ℜ b [a L  b] 

i.e. aB = bB = B [Ba = Bb = B] 

}1 1  if;p{q         
s} 1  if;p{q         

,....)3,2,1,0k,l,s,r;pqq{qbB
 Similarly,

B)1pq (since
n}if1k;{qn}if1k;{q..)0,1,2,3,..kl,n,m,:qp{qaB

B1pq11.1 pq   Since

1-skr

ks-1r

k1sr

np-1mnp-1m1nm

oo

≥

≥

==

∈=
≥=≥===

∈====

+

+

++

 

We cannot compare aB and bB under these conditions. So we let  and let 

min [m,n] = (m,n) and define  

n][m,pq nm =

r)](n,  snr);(n,-rm  s]n][r,[m,  pqpq srnm ++==  

Then let  which is possible s][m,bfix  n]and[m,a ==

bB  aB hence, bB.s][m, 
,Similarly

aB s][m, m)](n,-sn m),(n,-n[m  s]n][m,[m, 
So,

...n,....2,1,0r,s:Bqrpsb  cesin

=∈

∈=++=

=∈=

 

i.e. a ℜ b 

Conversely; suppose that [m,n] ℜ [r,s], then there exist 

)x(n,   x m r 
)x(s,   xr   m hence,

)]x(n,  yn ),x(n, - ,x[m  ]y,n][x[m,  s][r,
 and

)]x(s,  ys x),(s, - x,[r  ]y ,[x s][r,  n][m,
:that such B ]y,[x ],y ,[x
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222222
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Bisimple. is B Hence s].[r,  s][m, and
s][m, ]n,m[;B s][r, n],[m,every for  Thus,

..},3,2,1,0, yp {q pf a q classes oi.e the L 
],n] L [r,sr every [ma L  b, fo

 Bb i.e.n B, Ba  hos that iument to warge nstruct th we can coSimilarly,
..},3,2,1,0, xp {q p q B f a  classes oSo the R -

 rm  a [r,s]  [m,n]  ,Thus
 rnce,  m         he

m r  i.e. n, -  x m r         
r m i.e.  s -  xr   m   So,

n   xand s  then xr,m that Suppose
n xand s    xhavemust   then wer,  m If

nrnm
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Existence and Nature of Idempotents in B 

(n,m)nmnd (ii) from (i) a
(ii) n   n - (n,m) n n 
(i) m)  m -  (n,m m i.e. m 

 [m,n]n  (n,m)] nm - (n,m), [m][m,n] Then, [m,n
pqpqpB,q p q )pLet (q nmnmnmnm2nm

==⇒
=⇒+=

=⇒+=
=++=
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Thus the idempotents of B are of the form en = qnpn (n = 0,1,2,3,……….) 

1nn3210

nn 1n1nn

1nn

1nn

e e. eee 1  e i.e.
eee  ee thus.1en

1qn1pn1q)pnqn(qn)1pn1qn(qnpn ee
:proof

Nn every for e e Now
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Thus B has no primitive idempotent 

⇒ B is a Bisimple semigroup ⇒ B is a simple semigroup 

⇒ B is not completely simple. 
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The H – classes of B and the Left [Right] ideals of B 

b  a 
m, r  andn   s

n][m,  s][r,adn  s][r,  n][m,  s] [r,  b  a now
simple - D is B also, ..}0,1,2,3,..  x ;p{q   Ra

a of classes-R  theand ..}0,1,2,3,.. y  ;p{q   La
a,ofClasses - L  theB,qmpn  a For

xm

ny

=⇒
==⇒

⇒
==

==

∈=
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Hence the H-class of B are the singletons }}0{N{n,m],n,m[ ∪∈  

Left Ideals: Let L be a left ideal of B. Then L = ∪B b, b ∪∈L 

jkj]for B[j,  k]B[k,  where
 ..[2,2],.... B [1,1], B [0,0],  are idealsright   theSimilarly,

iji]for B[i,  j]B[j, And
..[2,2],.... B [1,1], B [0,0], B
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s}{r,min    s ]wheres[r, B  i.e.L
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];y,x[s]B[r,B,s][r,  b for
,Similarly

y];[x,n][m,  ,Hence
sn .e.i]s,1rk]n,m[ ,then,r1 If

]s,r[Ry],So{[x,

      S n  i.e. ,r  - 1  s n  k,  m r] - s   1 [k,  n][m,Then 
r,  1 is r)](l, (1 -r  k   a i.e lk, someFor 

s]l][r,[k,  a  a Bb n][m,  a then L, s][r, b Let

oo

,....0,1,2,3,x
2,....s1,ss,y

,....0,1,2,3,x
2,....s1,ss,y

.0,1,2,3,..x

2,....s1,s,s,y

>≤

>≤

==
∈∪=

∪=>

=∈=

≤

=−+=<

⊆
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≥+==⇒+=
≥+=

==⇔∈=∈=

=
++=

=
++=

=

++=

 

 

Proof of Prop. 2 

Theorem 1 

Let e be a non – primitive idempotent of a simple semigroup S, which is not 

completely simple. Then S contains a bicyclic subsemigroup which has e as their identity 

element. 
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Lemma 1 

Let e, Ia, Ib, be elements of a semigroup S, such that; ea = ae = a; eb = be = b, ab =e 

But ba ≠ e. Then every element of the subsemigroup generated by a and b is uniquely 

expressible as bman where m,n are nonnegative integers.  

And a0 = b0 = e0. Hence the subsemigroup of S generated by a and b is isomorphic to the 

bicyclic semigroup B 

 

Proof of Lemma I 

S is infinite: We prove that an ≠ ar for 1 ≤r<n 

For all nonnegative integer n. 

eaae)ab(abb2aaa Now 2 ==⇒==⇒=  

(which is a contradiction). So, a2 ≠ a. 

 Suppose that a, is such the an ≠ ak, for 1 ≤ k < n. 

Let r be such that 1 ≤ r ≤ n + 1 and an+1 = ar 

Then an(ab) = ar-1(ab) ⇒ ane = ar-1e ⇒ an = ar – 1, but 1 ≤ r ≤ n-1 ⇒ 1 ≤ r -1 < n, 

hence an+1 ≠ ar for 1 ≤ r ≤ n+1. 

We conclude that {an; n = 0, 1,2,3,………..} is infinite. 

So, S is infinite. 

Also, anbm⇒aman = ambm ⇒ am+n = e = a0 by the above reasoning. i.e. m + n = 0. But 

both m and n are nonnegative integer so we must have m = n = 0. 

Thus an ≠ bm unless m = n = 0. 

Now, suppose that; bnam = bras, we may assume that n ≤ r, without loss of generality. 

Thus we have; 

.nr,sm0nrsm,so
baab a nrsmsnrm

==⇒=−=−
=⇒= −−−

 

Hence the expression bnam is unique. 

Therefore the subsemigroup generated by {a,b} is isomorphic to the bicyclic 

semigroup B. 
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Proof of Theorem I 

Let e ∈ S be a non–primitive idempotent. Then there exits an idempotent e1 ∈ S, say, 

such that  

eeee)xey(eye)ee(e)yee)(e(eab  ,aslo
bbeeb,Similarly

aaeea.e.i
ae ee ee)e e(ae

ae  e  a such that;  S  b a,  then
yeebe  e  a such that; S  b a, Take

S)  SaS S,  aevery for  (becausey e x  eadn  S y exist x,  theresimple, is S Since
ee but eeeee
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eeee)yexee(eyexeee)ee)(yee(then,eifba,Now 11111111 ==⇒=⇒=×=  

⇒ e = e1 (which is a contradiction!!) since e ≠ e. 

So ba ≠ e. Hence the conditions in Lemma I are satisfied. So the bisyclic 

subsemigroup generated by {a,b} is a subsemigroup of S containing e as an identity 

element. 

 

 

Conclusion 

 

 From theorem I and the structure of the bicyclic semigroup B, thus discussed, it is 

evident that any semigroup S, which is simple, and which contains a non-primitive 

idempotent which acts as an identity element, must comprise a “web of B’s.” 

 

 

Acknowledgements 

 

 I sincerely wish to thank Professor K. R. Adeboye, (former Dean, School of Science 

Education, Federal University of Technology, Minna) for his very useful comments on an 

earlier draft of this paper. 

 

 

 

 31



On an Inverse Semi-Group which is Simple but Not Completely Simple 

Lawrence N. EZEAKO
 

References 

 

1. Howie J. M., An Introduction To Semigroup Theory, Academic Press, London, 1976. 

2. Munn W. D., Uniform Semilattices and Bisimple. Inverse Semigroup, Quart .J. Math, 

Oxford, 1966, 17, p. 151-159. 

3. Reilly N. R., Bisimple w-semigroups, Proc. Glasgow Math. Assoc., 1966, 7, p. 160-167. 

4. Warne R. J., I-bisimple Semigroups, Traner. Amer. Math. Soc., 1968, 130, p. 367-386. 

 32



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


