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Abstract 

In this paper we utilize Warne’s homomorphism theorem for bisimple inverse 

semigroups with an identity element [13, Theorem 1.1] to prove the theorem: 

Every primitive abundant semigroup with a zero element is isormorphic to a 

PA-blocked Ree’s matrix semigroup. 

Our approach obviates the tedium of the proof of the existence of a 

homomorphic mapping (see Markie, 1975) in order to prove the same 

theorem. 
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Preliminaries 

 

Ree’s matrix Semigroup (A completely O-Simple Semigroup) 

Let G ≡ a simple group with identity e } setsempty  non −≡∧
I  

P ≡ matrix (pµ with entries from the zero group G0, where 

0jP )ifI,b,j,ap
0joifP

o

{)j,)(b,I,(a,where,
)u{0}I(G SLet  

Matrix    1ea.i)0{Gu(G
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G0 ≡ (GỤ{0} i.e. a Λ × I matrix 

Let S = (GxIxΛ)u {0} 

⎪⎩

⎪
⎨
⎧

=

=µ
=µ,β(λ

λ

λλ

0Pif0

0Pif),bap(
),j)I,(a,

j

jij  

 

Then S thus constructed is completely O - simple, and S ≡ Mo [G,I,Λ,P] is the I × Λ, 

Ree’s matrix semigroup over the O-group Go, with the regular sandwich matrix P. 

 

 

The PA - blocked Ree’s Matrix Semigroup 

D. Rees [9] has shown that we can construct a semigroup from a set of monoids and 

bisystems over these monoids. Such a construction generalizes Rees matrix semigroup. Under 

certain conditions (see [9]) such as semi group becomes abundant, with all its non-zero 

idempotents primitive. It is called a PA-blocked Rees matrix semmigroup. 

 

Important remarks: Since S is O-Simple 

• {0} and S are the only ideals of S 

• S × S ≠ 0 

• ∀a∈ s/ {0}; aS = Sa = S 

Also, since S is completely 0 - simple, S satisfies the MinL, MinR conditions i.e every non-

empty set of the l - classes or the R-classes possesses a minimal member  

 

Right [Left] S- Systems 

If M is a set and S is a monoid then M is a right S-system if there exists a mapping 

(x,s) → xs from M x S into M, with the properties that  

i. ( ) ( ) St,s;Mx;stxts,x ∈∈=  

ii. Mx;x1x ∈=  

a left S - system is dually defined. If S and T are monoids, then M is an (St) - Bisystem, where 

M is a left S - system as well as a right T - system and for each .M  x ,T t S,  s ∈∈∈  

we have )xt(st)s,x( =  
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If M is a right S - system and N is a left S - system and τ  is an equivalence relation on 

M x N generated by the subset ( ) ( )[ ]{ }Ny,Ss,Mx;sy,x,y,xs ∈∈∈  of ( )( )NMNM ×× , then 

the set NMN,Ml)NM( ⊗≡⊗≡τ× , simple, is called the tensor Product over S, of the two S-

systems 

* using these definition we make the following propositions 

 

 

Propositions 

Let e, f be idempotent of a primitive abundant semigroup S, with zero, if e, f are not 

D-related and if ef, fe are both non-zero, the; 

1. H* ef and H* fe are cancellative subsemigroups of S without identities 

2. /H*e/ = /H * ef/ = /H* fe/ = /H* f/ 

3. H* ef is isomorphic as a semigroup and as a right H* f - system to a left idea of H*f, and 

isomorphic as a semigroup and as a left H*e - system to a left ideal of H*e 

 

Proof of Proposition 1 

Sf    Se   ef and 0ef ∩∈≠  

 fL  ef R  ef H 2],corollary  [4by  ∗∗∗ ∩≡∴  

3] lemma [4  0,  feAgain ∴≠  

S of upsubsemigro vecancellati a is feH 3]corollary  [4by   {0}  ef H ef. H ∗∗∗ ∴=  

 gRe and fLgsuch that  say,
 g,t indempotenan  contains ef H  f L  ef R  ef. H w,No ∗∗∗∗ ⇒∩≡

ction)(contracdi fDe  R o L  e)(f, i.e. ⇒∈  

proved is )i so identify without S of upsubsemigro vecancellati a is efH∗∴  

 

Proof of Proposition 2 

fLeR et  2] Lemma [4by  so and 0 et  3] Lemma [4by  f H  t If ∗∗∗ ∩∈≠∈  

212121 eft eft then ,et  et and f H  t that tso t  ft ,Also =∈= ∗  

Since   t  ti.e ftft  f L  ef 2221 ==⇒∈ ∗  

/efH//fHHence/ ∗∗ ⊆         (a) 

Also, if x ∈ H* f, then Fx ∈ H* f and ex = x 
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Thus 

If x1, x2 ∈ H* f and fx1 = fs2, then 

eL  fe cesin exex fexfex 2121
∗∈==  

/efH//fH/.e.i xx 21
∗∗ ⊆=∴         (b) 

From (a) and (b) ⇒ /H*f/ = /H* ef/  

Similarly, /H* ef/ = H*el 

and 2 is proved. 

 

Proof of Proposition 3 

Let injective is  then fx,   (x) ,efHx such that  fH  ef  H : Φ=Φ∀→Φ ∗∗∗  

Also, fH of idealright  a is f H}efH x:fx{f)H( ∗∗∗∗ ⊆∈=Φ  

For each t))x((t)fx()xt(f)xt(;fH ===∗  

ΦΦ∴ ∗  Im. onto ef H from misomorphisan  is  

Furthermore, for any ( ) ( )xyfxy,efHy,x =Φ∈ ∗  

( ) ( ) ΦΦ=== )y()x()fyfxyxff  

So, Φ is a semi group isomorphism 

Similarly, we can show that H* ef is isomorphic as  

a left H* e - system to a left ideal H*e 

i.e. 3 is proved. 

 

 

  Construction of a Primitive Abundant Semigroup S, with Zero 

 

S of classes - nonzeroR ofset   the I Let ∗≡  

∗
λ

∗
λ

λ
∗

∗

=Λ∈λ

Λ∈λ≡∴

≡Λ

L Rfor

)(

1iH ; x I  )(i, each 

L  classes - R 
 Sof classes - L nonzero of  setthe   Let
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 .potentns an idemf S contai - class oce every Rsina,  for some II, iFor each i

 φφ  L Λ: D (λ A

 φφ  R I: D (i I

r, defineFor each α
r) D (a  - classes Di.e. theseD - class f nonzero  the set oNow Let r 

 I x ΛI (i,λ(i {H}0{NOTE:S
classt is an H epty or i is eitherH and each e Hf S is som - calss oxero H every non
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sene have chohus once w         T
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  Main Theorem 

 
 Every primitive Abundant Semigroup as constructed in (3.0) above is Isomorphic to A 

PA-Block Rrees Matrix Semigroup 
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  Proof of Main Theorem 

 then x Λ Iif (i,λf 

m.  - bisyste, Ton free Tngly torsi is a stro φφ then  t MAssume tha

φ  Mφ  H
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Conclusion 

 

We have thus proved in  a very simple manner i.e. without recourse to the necessity 

for the existence of a homomorphic mapping,-that every primitive abundant semigroup with a 

zero, is isomorphic to a PA - blocked Rees Matrix semigroup 
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