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Abgract
This paper constructs the penalty cost functional for optimizing the two-dimensional
control operator of the energized wave equation. In some multiplier methods such as
the Lagrange multipliers and Pontrygean maximum principle, the cost of merging the
constraint equation to the integral quadratic objective functional to obtain an
unconstraint equation is normally guessed or obtained from the first partial
derivatives of the unconstrained equation. The Extended Conjugate Gradient Method
(ECGM) necessitates that the penalty cost be sequentially obtained algebraically. The
ECGM problem contains a functional which is completely given in terms of state and
time spatial dependent variables.

Keywords
Penalty functional, energized waves, Control operator, Optimal control, optimal

control and ECGM

Introduction

We now define the statement of the two-dimensional problem in a characteristic

dexterity as in [1]: Problem (P1):

[Z2(X, y,1)+ U*(X,Y,t)]dxdydt 1.1

S — —

11
min J(u,2) = min [ |
zZ,u zZ,u 50

subject to the energized wave equation:
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0°z(X, y,t) RS AN 0> z(X, y,t) 822(x y,t)

+U(x, y,t 1.2
ot? ot ox? oy’ (.1

with initial and boundary conditions:

Z)(%,¥,0) = Z(X,¥); (X, ¥,0) = Z (X, ¥); Z(X,¥,0) = Z,(X, ¥);
Z,(%, ¥,0) = Z,(X, ¥); 2o (X ¥,0) = Z, (X, ¥);
Z,(X,¥,0) = Z,(X¥); Z,,(X,¥,0) = Z,, (X, ¥)
2(0,y,t) = 2,(0,y,t) = ,(0,y,t) = 0
Z(x,0,t) = z,(x,0,t) = 2, (x,0,t) =0
zLyt)y=z 1 yt)=2z,(y,t)=0
Z(x,1,t) =z, (XL,t) =z, (X1,t) =0
0<t<]; 0<x<1;0<y<1
The unconstraint problem of the two-dimensional energized wave equation is defined

as: Problem (P2)

f 122 (¢ .0+ u? (x, y.tldtaxdy +
o

0%z Y1) | d2(% y.t) O’ Z(xy.b)
EE ot x>

N o

- THEYD uixyh

|ditolxdly} 1.3
In solving equation (1.1), we will need the numerical value of the penalty cost
constantp > 0. To achieve this, we must derive a penalty functional in state variables such
that u(X, y,t) > 0. Thereafter, we shall obtain the program codes for some optimal numerical
values at different state profile strata. The control u(X,y,t) and state z(X,y,t) partial

derivatives are equivalently derived by the Hamiltonian form akin to [1] and [2] as follows:

ucx, y,t) = ( Y ZU (0)sinmixsinTiy

2 1 =l

U, (0)sin mixsinmiy)e™
}\‘ }Ll ; |t( ) y)

A, .. .
u, (0)sin mixX sin iy —
}\42 _ 7\‘1 ; |t( ) y
MA, & At

U, (0)sinmiXsinwiy)e
, XI.Z‘ 1 (0) y)

(

1.4

In a further development, since the rate of change of the optimal control is the state,

then:
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2w
z(X,y,t) = (%Zu (0)sin mixXsin iy
- i=1
A
A, — A,
+(}L—Zw u. (0)sin wix sin wiy
A, — A, "

sz il
u., (0)sinmx sin my)e™
o %; . (0) y)e'

Z u, (0)sin mix sin wiy)e™"

Differentiating equation (1.5) further with respect to time t:

Z (X, y,t) =
ML =20 &

(2213 u (0)sinmixsin iy
7\'2 - 7\'1 i=1

7\.2 2
Z u, (0)sin mix sin wiy)e™"
7» -\ O

3

+( Z u, (0)sin mix sin iy

2
7\'2 _}\*1 i=1
3 o0
Aok Zu|t (0)sinmixsin7iy)e
X -\ o

Also equation (1.6) further derivative yields:

Aot

Zy (Xa Y, t) =
A K3 2%4 d

(220 4y, (0) sin wix sin wy
Ay, — A, 121:

AL
u, (0)sin mix sin wiy)e Mt
7\4 }\11 ; 1t( ) Y)

4

+( z u, (0)sin mix sin miy

A, kl,l

k?» >
— u.. (0)sin rix sin 7iy)e
" M; . (0) iy)

Aot

Differentiating the state equation with respect to x twice:

2
Aohy =20 ZU (0)sinmixsinmiy

Zo (X Y, 1) = (<" )[(———+ Y

A,
u. (0)sin mix sin wiy)e™
s MZ‘ «(0) iy)e”

+(2

: Z:uit (0)sin wix sin wiy
Ay, =N o

1.5

1.6

1.7

1.8
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Also differentiating the state equation with respect to y twice results in:

_ 2 «©
MZui (0)sinwixsinmiy

ZW(X, yat) = (_I 27[2)[( Y &

}\’ 0
——1 Z u, (0)sin mix sin miy)e™"
7\'2 - }\'1 i=1

2

A - S
+H(—2 Z u,, (0)sin mix sin miy 1.9
}\'2 - )“1 i=1

The derived equations (1.3) through to (1.9) are useful tools in the implementation of

the ECGM algorithm once the control operator is ready.

The construction of the penalty cost functional

In the follow-up and in light of the derivation in [*] control operator, we construct the
penalty cost functional for the two-dimensional energized wave equation. By definition, we
assumed that the optimal control operator B, and B,, obtained for the two-dimensional case

are symmetric positive definite; hence comparably equivalence. In the control operator, we

obtained these:

O’zx Y1), 2% Y 72Xy, 0Z(X y.1)
ox’ oy’ ot? ot
BIZU2(X’ y’t) = (1 + H)Uz(xa yat) 22

It is not difficult to see that equations (10) and (11) are equivalently expressed as:

F & & o
YA A 23
P R

Based on Reju [2], the action of the analytical state on the space variables (x,y) can

BZIZ(Xa yat)= “( ) 21

be conveniently be expressed as:

O’Zx Y, , 02X Y, 02X Y.t 0z(X Y.t)

Z(X, y,t) = —uz(X,y,t 2.4

(X, y,1) = p( v Y o P )= uz(X, y,t)

It is easy to express equation (2.4) in this order:

MUJD=5§LQ 2.5
Q

where
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0- 0> z(X, y,t) *z(x y,t)  d*z(xy,t)  9z(X y,1)
ox* oy* ot? ot

—u(x,y,t) 2.6

From equation (2.6), we observe that the penalized parameter is dependent on the state
z(x,y,t) and its partial derivatives which are in themselves dependent on the spatial variables
x and y with time t. It is obvious that the parameter p is a functional and greater than zero.

Thus by definition, the penalty cost is positive definite; hence equation (2.5) becomes:

Jz(x v, 1)
o)

Now from (Waziri et al. 2006b), we must have that:
|z(x, y,t)[ =

Ay, 27»2 © A
=1 —1% u,(0)sinmixsinmiy — L
H( - le (0) Y=o

Mi,z(zau) = 2.7

Z u, (0)sinmixXsin ﬂ;iy)eklt +

2~ M=l

2

7»2 © MA L . .
u. (0)sinmiXsin 7 21 u. (0)sinmixsinmiy)e™'
o kZ «(0) y- xz—xlg «(0) y)

2.8

Also we have from equation (2.6) that:

||Q|| ||6 z(X, y,t) 0> z(X, y,t) 822(x y.H)  0z(x, y,b)

REES oy’ o’ ot >

—u(x y,t)

From [*] (Waziri et al. 2006b), we can derive:

Z u, (0)sinmixsinmiy)e™" +

2 7 M=l

ucx, y,t) = (K 7\-’1 ;:u (0)smn|Xsmn|y—X !

2u,t (0)sinmixsiniy — oM ZUit (0)sinmixsin miy)e™ 2.10
7\' 7\'1 i=1 7\*2 BREAEE

—_ 2
zZ(Xy.t) = (%Zu“ (0)sinmixsin iy —
- i=1

Z u,, (0)sinmixsinwiy)e™* +
2 l i=1
2

u.. (0)sinmiXsin i
}\‘ 7\‘121: |tt() T ’lty

kzk %
u. (0)sinmixXsin wiy)e
. %;.m miXsiniy)

— 2 0
Z, (X, y,t) = {(%Zum (0)sin mixsin iy
2~ M i=1

Aot

2.11
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50

k M Y Z:,Umt (0)sin mixsin miy)e™"
11
-
(—2 ZUim(O)sinniXsinniy
)“ _7“1 i=1
7\,2% > hot
Zum (0)sinmixsinwiy)e™ 2.12
k -\ 5
2
Z, (% y,t)=(i’n 2){(7&;L ik D" u;(0)sinmixsin iy
i=1
A
- Z u,, (0)sinmixsin niy)e™"
7\4 _}\41 i=1
2
u. (0)sinmixsinmiy —
}\, 7\’1 ; |t( ) y
Sy - At
Y —2"L%" U, (0)sinmixsin miy)e™' } 2.13
1 i=l
2 »
2, (X y,t)=(i’n 2){(%Zu (0)sinmixsin iy
- i=1
A
Z u, (0)sin wixsinniy)e*"
k -\ D
B
u. (0)sinwixXsin i
}L 7\‘1 g |t( ) y
M, & At
- Zu (0)sinmixsinmiy)e™ } 2.14
A=A S
2 o )
(MZU (0)sinmixsin iy — —— Zuit (0)sinmixsinmiy)e"* +
7b _7b i=1 }‘2 _}“1 i=1
M iu (0)sinixsin iy — Mk, iu. (0)sinmixsin miy)e™*
7b 7¥1 i=1 " 7\'2 _7‘1 i=1 !
— 2 =
Nzo (X, Y,t) = (i’n 2){(%Zui (0) sin ixsin iy —
- i=1
M ZU (0)sinmixsin miy)e™" }Li iu (0)sinmixsinTiy
7\' }V] i=1 " 7\‘2_}‘1 i=1 "
o A =20 & = e at
2[(1°w ){(—Z:ui (0)sinmiXsinmly — Z:uit (0)sinmiXsinmiy)e™ +
7\‘2 _kl i=1 7\'2 _7\'1 i=1
2 < M < "
U, (0)sinmixsin iy — —>— u; (0)sinmixsinmiy)e™ }]—
xz xllz; t xz—xliz_;
A -2 L
ok —2L %", (0)sinmixsiniy)e™ } + {(Mzum (0)sinmixsinmiy
7\'2 = L
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2

uU.. (0)sinmixsinmiy)e"" + (—2— 3 U.... (0)sinmiXsin i

7\, 7\‘1 ; Ittt( ) T ﬂ:y) 7\12_7\‘1 ; Itt'[( ) T T[:y

2 w0

Aoy —27L %" U, (0) sinmixsinmiy)e™ } — (22— Ay = Zu (0)sinmixsin iy —
7\, 7L1 i=1 7\4 7\‘1 i=1

2
u, (0)sinzixsinmiy)e™ 2 uU.. (0)sinmiXsin i
}\‘ kllzll |t() T ny) KZ—MZ_; |tt() T my

2 "

A 2u|t (0)sinmixsin miy)e™* 2.15
7\. -\ o

Consequently, the substitute of equation (2.9) into equation (2.7) will completely
define the action of the state trajectory on the penalty. Programs codes will give us the
necessary desired numerical state penalty costs at various space profiles; otherwise, heretofore

refer simply as to the nth-plane or n stratum.

Thenumerical output for the penalized optimal state cost functional

Various penalized strata for the state functional produce the numerical outputs values

in table 1 below.

Table 1. Outputs of penalty cost constants

s/n | Nth-dimensional space | Penalty cost constant

1 n=1 1.12102360116197-10°
2 | n=20 2.09885332486185 -10*
3 n=30 1.12103290033268 -10*
4 | n=40 1.12102360116197 -10°
5 n=50 3.91481868054 -10°

6 | n=60 2.5982461152606 -10°
7 | n=70 2.592461152606 *10°

8 n=80 2.592403454182 -10°
Conclusions

The general analysis from both empiricism and theoretical investigation postulate that
for a good constraint satisfaction, the penalty cost constant used in moving the dynamical

system constrained problem into the formulation of an unconstrained control problem, must
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on one hand, be sufficiently large; on the other hand, this parameter must not approach
infinity as the convergence rate of most penalty methods deteriorate sharply at this instant,
and many optimization techniques, as a result, are subjected to numerical instability because
of the derivatives of the penalty functions or penalty functions themselves may increase
without bounds in the vicinity of the minimum. This would create a paradox!

An eagle eye observation of the penalty cost constants in the above table (3.1) clearly
agrees with the assertions in the paragraph before this. As the nth-stratum space increases, the
penalties cost constant numerical values increase positively and maintain consistent numerical
stability when the dimensional profile increases between the at all strata. This obviously
shows that the convergence is achieved for the penalty cost functional. Hence, the optimal
state penalty parameters give excellent convergence rates. This would give an excellent
ECGM outputs that would compare favorably with the analytical manually if endurance

computational processes will be sustained for quite an elaborate period of time.
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