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Abstract
The concept of harmonic oscillator particularly one dimensional (1-D) is mentioned in
literature repeatedly and is explained in more complex manner by using various
methods. This creates difficulties in understanding the description of the concept for
new learners. The purpose of this article was to enlighten different methods to
formulate harmonic oscillator in improving knowledge about detailed steps to derive
eigen energy values in more comprehensible manner for the beginners. The energy
values are derived by using classical method, quantum mechanically, Schrodinger time
independent equation, perturbation technique, variation method, WKB approximation
etc. A coherent way of derivation of eigen values using various approaches makes this

article as unique.
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Introduction

Most of the physical phenomena studied till the Einstein’s era was related to the

macroscopic world. The laws of nature discovered were all from the Newtonian mechanics.
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The classical physics was concerned with those aspect of nature for which question of the
ultimate constitution of matter was not of immediate concern. Classical theories are
phenomenological theories which attempt to describe and summarize experimental facts in
limited domain of physics. But, in the case of microscopic world, it has been proved that
classical theories were not of universal validity [1-3]. These laws describe behavior of
mechanism of rigid bodies with respect to some material constants such as density, elasticity
etc. But they are unable to explain why density has that value at certain specific physical
condition, why wire breaks after exceeding limits, etc. It also fails to explain why metallic rod
turns white from red when temperature is increased. These problems bring revolution in
physics through the discovery of quantum mechanics, which was a total surprise to the
scientists. It describes the physical world in a way that was fundamentally new. In early
stages, quantum theory seems to be a poor substitute for classical laws, but later from various
experiments it was realized by the scientific community. In this paper special emphasis is
given on the main building blocks of quantum mechanics which solve many problems, which
in turn helps in developing various concepts in modern physics [4-7].

After the discovery of radiators of energy bundles for black body radiations by Max
Planck in 1900, many quantum mechanical systems were evolved. The harmonic oscillator is
one of the most important quantum systems which can be solved more accurately and hence is
of great interest. Harmonic oscillator in one dimension (1-D) is an excellent tool to introduce
methods of solving various second order Schrodinger’s differential equations occurring in
different problems in quantum theory. This concept had been in use since classical era to
study vibrations of atoms or molecules in various conditions in solids. After the development
of quantum theory in last century, people are now aware about the building block rules [8-11].
But, the quantum behavior of free particles or particles constrained inside different potentials
cannot be determined easily. Setting up such problem in terms of harmonic oscillator system
helps to calculate required energy levels.

We are familiar that among all other branches in Physics, quantum mechanics is an
essential branch which got enormous fame in first half of 20" century, before which people
were in belief for laws of classical mechanics. When students entered in undergraduate level
of their studies, they were having a high impact of Newtonian mechanical laws. At higher
studies, when these students came across concepts from quantum mechanics, it seems to be

contradictory to the conventional theories. Hence many times various concepts of quantum
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theories become difficult to deal with. There are hardly any efforts are taken to resolve issues
while tackling large derivations particularly for a problem of harmonic oscillator [12-17].

Many researchers attempted to bridge the gap and tried to solve problems in easier
way, but with individual techniques. This pitfall itself is a motivation for present work. Thrust
of this paper is to explore the theory of harmonic oscillator at a glance, which common
readers seek to comprehend the mysterious world of quantum physics. The main advantage of
this article is that the derivations are discussed in the light of implications for novices who
have a keen interest to know more about the field. It is the authors’ view to introduce various
ways of deriving 1-D harmonic oscillator equations without any prerequisite knowledge of
quantum mechanics. This paper summarizes derivations of 1-D harmonic oscillator with
detailed description of equations used along with their significance and elaborating simple
mathematical steps involved in deriving it. It is an attempt to highlight basic concepts in
guantum mechanics initializing from an empirical relation such as kinetic energy, potential
functions, Hamiltonian, wave functions etc of the system and their applications in evaluating
eigen energy values. Though a reader may find it much detailed, it is essential to present all
the derivational steps to cater the needs of a beginner.

Material and method

Harmonic oscillator performs undamped simple harmonic motion which is periodic
with constant amplitude. The main features of harmonic oscillator; though they may be
considered in various conditions, are its positive amplitude, periodicity, its phase
determination and frequency, on the basis of which wave function can be assumed. Harmonic
oscillator is always defined in terms of second order differential equation whose solution is to
be assumed to evaluate the energy levels. Classically, initial energy of the oscillator is due to
its restoring force, which brings oscillator to the equilibrium position when displaced. But,
guantum mechanically; the initial energy is determined in terms of a Hamiltonian, which
consists of kinetic and potential energies of the system [18-21].

The steps involved in determining energy eigen values for 1-D harmonic oscillators

with different methods is highlighted in the flow chart shown in Fig. 1.

58



Leonardo Journal of Sciences
ISSN 1583-0233

Issue 32, January-June 2018
p. 56-75

@

Description of Assuming Establishing wave
oscillator system potential or equation
Hamiltonian
A 4
Deriving energy Solving wave Assuming a wave
eigen values equation function

Figure 1. Flow chart for evaluating eigen values

Initially, the system of harmonic oscillator is described by considering various aspects.
Under classical case, these conditions can be employed to determine potential of the system.
However, a Hamiltonian is to be calculated if the system is in quantum state. The Hamiltonian
is required if kinetic and potential energies are known. The assumed potential is utilized to
setup a wave equation of second order. But, to solve such equations, it is a need to select some
wave function which is based on the parameters required to evaluate. The result obtained by
solving these equations is the eigen energy values of harmonic oscillator. These values are
utilized for further solving the complex problems in which harmonic oscillators are to be
used. The block diagram for various methods considered in this paper to solve harmonic

oscillator problem in 1-D is shown in Fig. 2.

Techniques for solving 1-D Harmonic Oscillator

1
Classical Perturbation WKB Klein-Gordon
method method approximation oscillator
Quantum Variation Operator Dirac
method technique method oscillator

Figure 2. Block diagram for different techniques to solve the Harmonic oscillator

i. Linear Harmonic oscillator by classical mechanics
The 1-D Linear Harmonic Oscillator (LHO) consists of a particle of mass m which is
bound to an equilibrium position x = 0 by a restoring force, F, proportional to the
displacement x from mean position
i.e.F=—kx
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where ‘k’ is the force constant.

The potential energy V(x) of an oscillator will be,
V(x) = - [Fdx = [kxdx = %k X’

Also, the Kkinetic ener gy of an oscillator is,

2

KE=Zmv?=Px
2 2m

where ‘v’ and ‘p’ referes to velocity and linear momentum of the oscillator.

Thus, its total energy is represented by,

2

TE. =KE+PE = &+lkx
2m 2 (1)
By Wilson-Sommerfeld quantization rule, we have,

2

j[;pxd_x = nhforn =0,1,2, .. @

It is obvious that the particle undergoes a SHM in 1-D which is represented by a

closed curve in phase space having two coordinates x and px

i.e.
j[; p, dx = area of ellipse = mab
©)
where, a is a semi major axis and b is a semi minor axis in phase space (X, p x).
If px =0, x = athen eq. (1) becomes,
1 2E
="ka*=a= n
= 2 k
If px =b, x =0 then eq. (1) becomes,
b2
E.=— =b=/2mE
2m "
Also, eq.(2) becomes,
2E 2E
j[;pxd_x =T ’ l[cﬂ«\.,’?'.r:-u‘i'ﬂ =T ’r;zv’ZmEﬂ
ie.
2nE
§ o, s = 25
@ (4)

wherein o =2nv is the angular frequency of the oscillator, oscillating with a frequency of v.
On comparing eq.(2) and (4), we get,

60



@ Leonardo Journal of Sciences Issue 32, January-June 2018
ISSN 1583-0233 p. 56-75

ﬁ:nh:Enznh—@:nhv
® 21

ie. E_=nhv ®)
Eq. (5) is the classical result, while quantum mechanically the energy levels of

harmonic oscillator are not continuous but, an integral multiple of hv; h being the Planck’s

constant.

ii. LHO by Schrodinger time independent equation and Hermite polynomials
with recursion formula
Consider, the two atoms of some masses joined together by an interaction force
between them which results in the system executing harmonic oscillations with a restoring
force. The potential energy between the two atoms is shown in Fig. 1.
At k = a, the potential energy is minimum and is represented as,
k 2
V= E(x—a)
In case of a LHO, it is possible to represent the force as F = - kx by a potential energy

as,
1 2
V(X) = =k X
(X) 5

Let, a particle of mass is undergoing SHO with amplitude a then the displacement

from origin at time t will be,
: dx
X =asinot = E = amcos ot

2
(dxj = %ma 22 cos? ot

1
i_e_ KE. =—m| =
dt

2

ie. KE.max = %ma 20)2
or KE. max = K.E.+P.E

1 1
i.e.Emazoo2 =§ma 20320032 ot +V

ie. V= %m azco?'(l—cos2 oot) =%m a’ sin’ ot
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1 2 2 1 2
ie. V==mo X ==kX
2 2

Thus, the Schrodinger time independent equation will be,
2

d \£+2—T(E—1kx2]\u =0

dx” & 2

where 7i=h/2rand v is the wave function.

(6)

Let, & = ax be asolution of the above equation.
Thus, we have,

dy _dy d__dy

dx  de dx de and
dv _d(dy )_ddefdy | _ .dv
dx® dx\| dg dé dx | dg de’
Thus, eq. (6) becomes,
aZd—z\Z{zsz—m—l:g—Z}wﬂ

dg h h o
. d_z\g+|:2mE_m_k§_2:| :0
l.e. dé';

h2a2 h4 a4
Let, a is chosen such that,

(7)

mk :10ra4:m—k

a4h2 h2

2mE

1
2
je o= P;—L(} andlet A = hzocz

or A =2—E(mj2 ®)

S+ =)y =0 )

-2
Let, w(&) = H(E)e ? (10)
is a solution of eq.(8) in which H(&) represents a polynomial of finite order in &.

Differentiating eq. (10) to second order and solving eqg. (8), we get,

62



@ Leonardo Journal of Sciences

Issue 32, January-June 2018
ISSN 1583-0233 p. 56-75

H —2¢H +(L—1)H =0

Eqg. (10) can be solved to obtain a recursion formula as,
25+2V+1-A
s+v+1)(s+v+2)aO

av+2 = (

where, v represents any integer with ap as energy level of ground state. The value of any index

S may be 0 or 1 and it is possible to express A in terms of any quantum number n as, A = 2n+1

1
_ 2, [m )2 =2n+1
le. k Lk

ie. E, = (n +Ejhm for n :0,1,2,....andw:\/E
2 m

For n=0, we have,

1
EO = Eh(x)o

is called as a zero point energy. From above equation, it is proved that all the energy levels get
shifted by an amount equal to half of the separation of energy levels.

iii. Perturbed Harmonic Oscillator:

Let, the wave function of the system with perturbation theory is represented as,

dﬁi +2—T[E—1k xz—ax3—bx“}w =0
dx” 7 2

(11)
If the values of a and b are zero then the wave equation is for harmonic oscillator. If
the values of a and b are small, then these terms are perturbed.

ie. HY = ax® +bx*

(12)
We know that, the first order perturbation energy is given by,
EW = I\V(O)*H(l)\y(o)dr
e, EN = T eyl [y oxty Ulix
e, BV =2y 5y b [y x X (13)

0)* 0
As the term x3 is an odd and \V(n) \IIE]) is an even then the first term of eq.(13) will be
zero i.e. the first order perturbation due to ax®is zero
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T (0 (0)
e, /=D ] Xty x (1)
Let, 1= b | y'"x*ydx (15)

For a linear harmonic oscillator, we have,
-
WV, (X) = Nan(a)e 2 f0r§=ax (16)

Thus, eq. (14) becomes,
1= [ nerz@e e (&—j[daj NG e el
(04 (04

Solving above equation, we get,

| = %“2(2”2 +2n +1)

(17)

Thus, eq. (14) becomes,

432 (2n*+2n+1)
a

@ —
En - (18)
The total energy of the first order will be,

E,=EV+EL

1 3b #? K mk
i =|[Nn+= |ho, +——(2n*+2n+1 == =
i.e. En ( 2) 2 mk( ) for , ’/m and ¢ Y

This is an eigen energy value which consists of an additional second term arises due to

a perturbed system.
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iv. Harmonic oscillator by variation method
Consider, the ground state of harmonic oscillator with Hamiltonian operator given by,

2 2
H=-I0d o
2 dx*

2V2X2
for x is over a range of —otoco.

Consider, any function ¥ obeys the condition given by,
| = j v Hydx for _[ yoydx =1
The normalization condition for ¥ means that it is an even function.

Let, v (X) — Ae for some constant A and a is a particle.
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0 . 0 2ox? T
IZ,LWWdX:2A2£e2 dX:AZ,/ﬁ (19)

2 2
Hy = —A%{(%ﬁz —%]XZ —ZOL}eQ‘X2
Also, h
Thus,
3w 2
(o) = - ZA% J' {(40(2 —%)XZ - ZOL}G_“X dx (20)
0

Integrating by parts, we get,
sze’“xzdx 1=
0 8a \ 2a

Thus, eq. (19) and (20) gives,

(o) = TV, o
20 2 (21)
o dl v
But, the condition -— =0=> o =—
da A
Thus,
2.2 2
|(OC):T[V Xh hnvzth+th:nvh :n_vh:&
21V 2h 2 2 on 5

is the lowest energy and which equivalent to zero point energy of the quantum harmonic
oscillator.

The required function is represented as,

1 Tvx?
W(X)=[ ’ jze '

2v

v. Harmonic oscillator by the Wentzel-Kramers—Brillouin (WKB)
approximation method

The energy levels can be determined by Bohr’s rule of quantization given by,

b 1
!pdx = Tfh(n +§j for n is an integer and p is a momentum represented by,

p(x) = y/2m(E) - V(x)
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1 mo’k?
Here, V(x) =~k X’ =

1 /k
for ® = —,/— is a classical frequency, a and b are
2t \'m

turning points of an oscillator and kinetic energy at the extremities will be

2E

mo?

. . 2E 2E
The turning points are & = — > and b = >
mo mo

Thus, we have,

E—V:%mmz— o’ for o =

2E

mo’

TPdX = I2 2m(E) - V(x) dx = }x/ZmE.‘/nZ]EZ. 1-v/E dt
a -1 ()]

2E

[ 2E / 2E
X=t|— = dx =dt
Assume that mo? mo?

ty 2 t,
j\/{l—m—m(tz. 2E2 j}dt = Ej\/l—tzdt _2Em_mE
mw 0 ® o

he 2E 2

b 2E
Thus, [pdx = —
. ®

which results in

E=E, = gom(n +1j = (n +1jhm
T 2 2

is the required eigen energy levels which also consists of zero point energy for n=0.

vi. Klein-Gordon oscillator
The relativistic oscillators are significant having special features when oscillator
motion becomes relativistic. Increase in relativistic mass, oscillator becomes more sluggish
with frequency and energy level spacing decrease.

The 1-D Klein-Gordon equation for a vector potential is given by,

{ d’ . (E —V(x))2 —m?c’

dX2 C2h2

}V(x) =0
(22)

In Schrodinger wave equation, we have,

2
&+(Eeﬁ Vg )y = O with E, =

E? —m?c* 2EV(X) —V?(x)
o Vet o
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. . - 1 .
When the harmonic oscillator potential is stated by V = Em o’ X° is introduced, then
effective potential takes the form,

2 2 1 4_ 4
Emw X—Zmoox

Veff =

c’n’ (23)
d2 E2 _ m2C4
The 1-D free particle Klein-Gordon equation {dXz + i }\V =0 js represented
as,
E? —m?c’ .0
fy————ty=0forp, =—ih—
{px |V Pe= o (24)

A new type of interaction in Klein-Gordon equation with linear momentum as

p, —p, —imwx and p’, = p, +imeox for p'is an adjoint of p,

Let, Px = P.P’,
Thus, eq. (24) becomes,

d’ _m0)2X2+ —mm+E2—m2C4 0
N h e |[V T (25)

The resulting Klein-Gordon equation reduces to non-relativistic harmonic oscillator

problem and hence is called as Klein-Gordon oscillator.

2 2.4
Let K _E oM and a2 MO

c’h? h?

Thus, eq. (25) becomes,

dz"; +(K*=A*x* )y = 0
dx (26)
2 2 2.4
If y=Ax? and k':k_ - E#_l
2. 2mcho 2
Then eq. (26) becomes,

dv 1dy (k' 1 J
e =0

(27)

-y
Let,w(y) =e 2 ¢(y) is a solution of eq.(27) then,
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d’d ( 1 jd ¢ (k1

e A e =0
ydyz > y dy > 4y ¢ (28)
This equation is equivalent to Schrodinger equation with usual harmonic oscillator

potential. The eigen functions are expressed in terms of hyper geometric functions m(a,c,y) as,
1 z 13 K 1

= Am(a,=,y)+By?m|a+=,—,y |fora=—-=

o(y) (a,2.y)+By ( zzyj 2

2
n-1
Here,a:—% for evenstates and az—% for an odd states

The eigen energies of 1-D Klein-Gordon oscillator is given by,
E* = m°c* +2(n +)mc’hom
which is in relativistic form and is vary much different as compared to that of quantum

mechanical eigen value.

vii. 1-D Dirac oscillator

The Dirac equation for a free particle in one dimension is given by,
Ey = (ca,p, +Bmc’ )y (29)
where, o, and Pyare standard Dirac matrices.

The 1-D Dirac equation with oscillator potential is,

B[ E—ca, (p, —iBma, )—pmc* |y =0 (30)
{BE +incPo, i+ icBa, fMm, —Bzmcz}w =0
ie. dx (31)
The values of o, and B in terms of Pauli matrices are,
0 —i and p 1 0
g Y i 0 o1
Eqg.(31) in matrix form will be,
) d
E—-mc hC— —MmCX
dx v (0
q v, ) Lo (32)
hcd— +mocx  —E-mc? 2
X

The coupled differential equation will be,
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(E—mc? )y, + ned—macx |y, =0 (33)
dx
and e+ mocx v —(E+mc2)\p =0 (34)
dX 1 2
Using eq. (34) in eq.(33), we get,
2 2.4 22 O 2 22,2  MOC
(E? —m?c* )y, +4 % el LR (Xp, =P, X))y, =0 (35)

> (mo) mo (Ez_m204) h
{dﬂﬂ o[ ETE nall o a0

where, [x,p, ]| = i7 is used.

By eliminating W, from eq.(6), the eq.(8) becomes,

@ (mo) , (mo (Ez_m2C4) h 3
[EF(E{)X+(h:H e’ mw%}“o e

Eq.(36) and eq.(37) are Dirac equations for an oscillator potential for spin up and spin

down states.

E?—m?%c* /
Let,kz( " ) h +land y = mx
[/ mo fi

Thus, €q.(36) becomes,

d2
Gty )w =0 (38)
But for linear harmonic oscillator,
Ar=2n+1
(E*-mc*) ) 1 o T2

- — +1=2n+1= E =mc®|1+2n

[ hZCZ ] mm ‘: mczjl (39)
. : d . 2 2
l.e. ‘:BE—‘F IhCBax d_+ICB(X‘me(Dx _B mc :|W =0 (40)

X

The values of o, and B in terms of Pauli matrices are,

0 —i 10
=0y =l and B =o,= 0 1
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Eq. (40) in matrix form will be,

E - mc® hcdi —MmCcX v 0
X 1
= 41
d (sz (OJ @

hc—+mmcx  —E-mc?
dx

The coupled differential equations will be,

d
E —mc?)w, +| ic— — mocx =0
(E-me? ).+~ moox Jv,

(42)
and
d 2
he——+macx |y, —(E+mc* )y, =0
dx (43)
Using eq. (43) in (42), we get,
2 2
{hzc2 dd—z— m®’c?x> +%(pr - pxx)}w1 =0 (44)
X i

¢ (moV_, (mo)[(E-mic) 4
:>|:d7—(70)] X2+( hmj{( h2c2 )m(D+l Y, =0 (45)

where, [x,p, | =in is used.

By eliminating y, from eq. (43), eq.(45) becomes,

RS IT
dx h h h°c mo
(46)

Eq. (45) and (46) are Dirac equations for an oscillator potential for spin-up and spin

down states.

70

E? —m?c’ /
Let, A = ( " ) f +land y = mx in eq.(45), we get,
mo h

h°c
d2
gy HAY)w =0 @
By the definition of linear harmonic oscillator, we have,
A=2n+1
(E?-mc*)| »
= 5 +1=2n+1
h°c Mo
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o
mc?

= E =mc’ [1+ 2n T for spin up states.

Solving eq. (46) for spin down states, the eigen energies will be,

2

1
E = mc? {1+ 2(2n+1) ho }2
mc

which is of the relativistic form and eigen energy of Dirac oscillator is said to be in complex

form and is very difficult to determine it.

viii. Ladder operator method

The generalized harmonic oscillator forms the basis for explaining the concepts in
guantum mechanics such as theory of radiation, vibrations of atoms in crystal lattice etc. The
generalized Hamiltonian of the problem is given as,

H :%(pz M™% (48)
where, m is mass of an oscillating particle, ® is an angular frequency of vibration i.e. ® =2mv, v
is a classical frequency. Here, p and x are momentum and position operators respectively.

The eigen value equation for the system is

Hy =Ey (49)
where, E is an energy eigen value which is to be calculated. The method employed in this
article is to calculate the eigen vectors and operator matrices by using algebraic manipulations
of ladder operators and the harmonic oscillator is quantized based on the operators which

obeys the modified commutation rule represented as,
[%,p]=ih(1+pp)
where, Bp? <<1for B is any positive constant

In addition to momentum and position operators, for making calculations in matrix

form it is convenient to use the creation and annihilation operatorsa and a'given as,

1 ]
a= MoX —ip 50
thco( @ p) (0)
. 1 ]
and 4" = ——(moX —if 51
\/2mhco( ® p) 1)
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Here &' is an adjoint of4.
On multiplying equation (3) by (4) from right and simplifying, we get,

1

aa" ) ho = H+ = ho(1+Bp° 52
(8" ) o = H e~ o1+ 8p°) (52)
Similarly, on multiplying eq.(4) by (3) from left,

. 1

a'a)ho = H-=ho(1+pp* 53
(88) o = H-Zho(1+5p°) (53)
On comparing and solving eg. (5) and (6),
ho8a'a = Ha%m(u Bp)a (54)
Readjusting eq. (52), we get,
hosd'a = aH —%ma(n Bp?) (55)

Also modifying eq. (53),

On solving eq. (54) and (55),
aH - Ha = ho(1+pp°)a

ie. [a,H] = ho(1+pp*)a (56)
Similarly,
a'H-Ha" =", H] =—ho(1+Bp’)a’ (57)

But, in general the vector product yields the square of these vectors in magnitude as,

hm(é’WE , é‘VE) = h(D(WE ,a'ay, )
= (e, hod'ay, )

i.e. ho(dye,ay, )= [\VE,{H —%hw(ljuBf,Z)}ij
ie. {E—%m(ugfﬁ)}zo

ie. E~ %hm(lﬂ?)ﬁz)

This is the lowest value of the energy of an oscillator. It consists of an additional

bracket term along with the zero point energy.
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Equations summary

The results obtained for energy eigen values for 1-D harmonic oscillator through

various methods are summarized in the Table 1.

Table 1. Eigen values of Harmonic oscillators with various techniques

Sr. | Methods of solving 1-D harmonic Enerav eigen values
No. oscillator gy €19
1 Classical mechanics E, = nhv
Schrodinger time _ 1
2 independent equation & = (n i Zjhm
2
3 | Perturbation theory E,= (n +%j ho, +3Tfh—(2n2 +2n+1)
. hv
4 Variation method () = >
N 1
5 WKB approximation method E= (n +§j ho
Klein-Gordon oscillator 2 24 2
6 (Relativistic) E° =m°c" +2(n+1)mchm
1
7 | Dirac oscillator E = mc? {1+ 2(2n+1) har T
mc?
1 .
8 | Ladder operator method E~ Ehm(l+ sz)
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